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A quaternion is defined as

q = a+ bi+ cj+dk (1)

where a,b,c,d are real numbers and the quantities i, j,k are defined by the
properties

i2 = j2 = k2 = ijk =−1 (2)

We can perform all the usual arithmetic operations on quaternions. Ad-
dition and subtraction are done in the usual way, in which the coefficients

addition and
subtractionof each of 1, i, j,k are added or subtracted separately to get the result. For

example, with

q1 = 1+10i−9j−4k
q2 =−3−4i+5j+k

(3)

we have

q1 + q2 =−2+6i−4j−3k (4)
q1− q2 = 4+14i−14j−5k (5)

Multiplication is also done using the usual distributive rules for multiply-
multiplicationing algebraic terms, but with the proviso that products are not commutative,

so the order of the two terms in a product matters. For example

q1q2 = (1+10i−9j−4k)× (−3−4i+5j+k) (6)
=−3−4i+5j+k

−30i−40i2 +50ij+10ik

+27j+36ji−45j2−9jk

+12k+16ki−20kj−4k2 (7)
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q1

q2
1 i j k

1 1 i j k

i i −1 k −j

j j −k −1 i

k k j −i −1
TABLE 1. Multiplication table for basic quaternions.

To simplify this, we use the multiplication table (Table 1), and then collect
terms to get

q1q2 = 86−23i+38j+27k (8)
By the same method we can work out:

q2q1 = 86−45i+26j−k (9)
so we see that the product does depend on the order of q1 and q2.

In general, for two quaternions defined by

q = a+ bi+ cj+dk

r = e+fi+gj+hk
(10)

where all coefficients a, . . . ,h are real numbers, we have

q× r = (ae− bf − cg−dh)

+ i(be+af + ch−dg)

+ j (ag− bh+ ce+df)

+k (ah+ bg− cf +de) (11)

In order to do division, we need a couple of other concepts first.
The conjugate of a quaternion is defined in way similar to that of complex

conjugateconjugate for complex numbers. The conjugate is defined by replacing each
of i, j,k by−i,−j,−k. The notation for a conjugate is either conj(q) or just
q′. We have

conj(q1) = q′1 = 1−10i+9j+4k (12)
If we multiply a quaternion by its conjugate we have, for example
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q1× q′1 = 198 (13)

Note that the result is a real number. In fact, just as with the product of
a complex number with its conjugate, the product of a quaternion with its
conjugate is always real. We can see this by considering and using 11

q = a+ bi+ cj+dk

q′ = a− bi− cj−dk
(14)

qq′ =
(
a2 + b2 + c2 +d2)

+ i(ab−ab− cd+ cd)

+ j (−ac+ bd+ac− bd)

+k (−ad− bc+ bc+ad) (15)

= a2 + b2 + c2 +d2 (16)

All the coefficients of i, j,k magically vanish when we multiply q by its
conjugate. What’s more, the product qq′ does commute, so that

qq′ = q′q (17)

The magnitude or norm of a quaternion q is defined, as with a complex
magnitude or normnumber, as the square root of qq′. That is

‖q‖=
√
qq′ =

√
a2 + b2 + c2 +d2 (18)

We can then define a unit quaternion as

q̂ =
q

‖q‖
=

a

‖q‖
+

b

‖q‖
i+

c

‖q‖
j+

d

‖q‖
k (19)

Since ‖q‖ is a real number, we can just divide each coefficient by ‖q‖ to
get the unit quaternion. Such a quaternion is said to be normalized. Its
conjugate also has unit norm, since

q̂′ =
a

‖q‖
− b

‖q‖
i− c

‖q‖
j− d

‖q‖
k (20)

This allows us to define the inverse of a quaternion as
inverse

q−1 =
1
q
=

q′

‖q‖2 (21)

This gives
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q−1q =
q′q

‖q‖2 = 1 (22)

We can now define quaternion division, but again we need to be careful
divisionof the order in which the terms are written. If we write just q2/q1, it’s not

clear whether we mean q−1
1 ×q2 or q2×q−1

1 . Thus we have two possibilities

q−1
1 × q2 =

q′1q2

‖q1‖2 (23)

q2× q−1
1 =

q2q
′
1

‖q1‖2 (24)

For example, with the above for q1 and q2, we have

q−1
1 =

q′1
‖q1‖2 =

1
198

(1−10i+9j+4k) (25)

q−1
1 × q2 =

1
198

(−92+15i−28j−25k) (26)

q2× q−1
1 =

1
198

(−92+37i−16j+3k) (27)

We can check these results by calculating

q2× q−1
1 × q1 = q2 (28)

However, note that

q−1
1 × q2× q1 6= q2 (29)

since we can’t commute q1 and q2 to cancel off q−1
1 q1.

PINGBACKS

Pingback: Vectors as quaternions
Pingback: Exponential of a quaternion
Pingback: Rotations in general using quaternions

https://physicspages.com/pdf/Group theory/Vectors as quaternions.pdf
https://physicspages.com/pdf/Group theory/Exponential of a quaternion.pdf
https://physicspages.com/pdf/Group theory/Rotations in general using quaternions.pdf

	Pingbacks

